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Abstract
By using the prolongation structure theory proposed by Morris, we give a (2+1)-dimensional in-
tegrable inhomogeneous Heisenberg Ferromagnet models, namely, the inhomogeneous Myrzakulov
I equation. Through the motion of space curves endowed with an additional spatial variable, its
geometrical equivalent counterpart is also presented.
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1. Introduction
The Heisenberg Ferromagnet (HF) equation,
St = S× Sxx, (1)
which describes the motion of the magnetization vector of the isotropic ferromagnets is an important in-
tegrable system. The corresponding integrable inhomogeneous HF equation was derived by Balakrishnan
[1],
St = (fS× Sx)x + hSx, (2)
where the linear functions f and h take f = µ1x + ν1 and h = µ2x + ν2, and the coefficients µi and νi,
i = 1, 2, are constants. On the basis of the prolongation structure theory of Wahlquist and Estabrook [2],
the integrable deformations of the (inhomogeneous) HF model have been studied in Refs.[3,4].
The (2+1)-dimensional integrable extensions of a (1+1)-dimensional integrable equation have been of
interest. For the HF equation (1), several (2+1)-dimensional integrable extensions have been constructed
[5]. One of its important integrable extensions is given by
St = (S× Sy + uS)x,
ux = −S · (Sx × Sy), (3)
that is the Myrzakulov I (M-I) equation [5-7]. The M-I equation (3) is geometrical and gauge equivalent to
the well-known (2+1)-dimensional focusing nonlinear Schro¨dinger equation NLS+ [6]
iψt − ψxy − vψ = 0, vx = 2∂y|ψ|
2, (4)
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where ψ is a complex function. Recently Morris’s prolongation structure theory for nonlinear evolution
equation in two spatial dimensions [8] has been successfully applied to analyze equation (3) in Ref.[9]. It
is noted that this prolongation structure method is very simple and effective in the investigation of M-I
equation. For the inhomogeneous HF equation (2), its (2+1)-dimensional integrable extensions have not
been studied so far. The purpose of this paper is to apply Morris’s prolongation structure method to
construct the (2+1)-dimensional integrable extension of equation (2).
2. The inhomogeneous integrable M-I equation
In order to investigate (2+1)-dimensional integrable extension of Eq.(2), we introduce a new vectorE(S,Sx,Sy)
and the functions f(x) and g(x) into (3),
St = {fS× Sy + guS}x +E,
= fS× Sxy + fSx × Sy + fxS× Sy + guxS+ guSx + gxuS+E
ux = −S · (Sx × Sy), (5)
where S ·S = 1 and S ·E = 0. Multiplying Eq. (5) by S and using the restricting relation, S ·St = S ·Sx =
S · Sy = 0, we have f = g and fx = gx = 0. It implies that f and g should be the constants. Let us take
f = 1 and
E = ρ(x)Sx + ν(x)Sy + µ(x)S × Sx, (6)
where the functions ρ(x), µ(x) and ν(x) need to be determined. Thus equation (5) can be rewritten as
St = S× Sxy + Sx × Sy + uxS+ uSx
+ ρ(x)Sx + ν(x)Sy + µ(x)S× Sx
ux = −S · (Sx × Sy), (7)
As done in Ref.[9], we first consider the prolongation structure of (7) when St = 0. Setting W = Sx,
T = Sy and taking S,T,W, and u as the new independent variables, we can define the following set of two
forms,
αa = dSa ∧ dx− Tady ∧ dx,
αa+3 = dSa ∧ dy −Wadx ∧ dy,
αa+6 = (W ×T)adx ∧ dy + (S× dT)a ∧ dy + Sadu ∧ dy
+ uWadx ∧ dy + (ρWa + νTa + µ(S×W)a)dx ∧ dy,
α10 = du ∧ dy + S · (W ×T)dx ∧ dy,
αa+10 = dTa ∧ dy + dWa ∧ dx,
α14 = (T ·W)dx ∧ dy + Sa · dTa ∧ dy, (8)
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where a = 1, 2, 3, such that they constitute a closed ideal I = {αi, i = 1, 2, · · · , 14}. Then we extend the
above ideal I by adding to it a set of one forms,
Ωk = dξk + F k(x, y,S,T,W, u)ξkdx+Gk(x, y,S,T,W, u)ξkdy, k = 1, 2, · · · , n, (9)
where ξk is prolongation variable. In terms of the prolongation condition, dΩk ⊂ {I,Ωk}, we obtain the
following set of partial differential equations for F k and Gk,
∂F k
∂Ta
=
∂F k
∂u
= 0,
∂Gk
∂Wa
= 0,
−
∂F k
∂Sa
Ta +
∂Gk
∂Sa
Wa −
∂Gk
∂u
S · (W ×T) + (
∂Gk
∂Ta
−
∂F k
∂Wa
)
{[
S× (W ×T)
]
a
− Sa(T ·W) + u(S×W)a + (ρS×W + νS×T+ µS× (S×W))a
}
− [F,G]k +
∂Gk
∂x
−
∂F k
∂y
= 0, (10)
where [F,G]k ≡
∑n
l=1 F
l ∂G
k
∂yl
−
∑n
l=1G
l ∂F
k
∂yl
. By solving (10), we have the following solution,
F = λ
3∑
i=1
SiXi, G = (ρ+ u)
3∑
i=1
SiXi +
3∑
i=1
(S×T)iXi, µ = ν = 0, (11)
where Xi, i = 1, 2, 3, depend only on the prolongation variables ξ
k and have the commutation relation of
the su(2) Lie algebra.
Let us turn now to define a set of 3-form αi as follows,
αa = dSa ∧ dx ∧ dt− Tady ∧ dx ∧ dt,
αa+3 = dSa ∧ dy ∧ dt−Wadx ∧ dy ∧ dt,
αa+6 = (W ×T)adx ∧ dy ∧ dt+ (S× dT)a ∧ dy ∧ dt+ Sadu ∧ dy ∧ dt
+ uWadx ∧ dy ∧ dt− dSa ∧ dx ∧ dy + (ρWa + νTa + µ(S×W)a)dx ∧ dy ∧ dt,
α10 = du ∧ dy ∧ dt+ S · (W ×T)dx ∧ dy ∧ dt,
αa+10 = dTa ∧ dy ∧ dt+ dWa ∧ dx ∧ dt,
α14 = (T ·W)dx ∧ dy ∧ dt+ Sa · dTa ∧ dy ∧ dt, (12)
where a = 1, 2, 3, such that they constitute a closed ideal. When these two forms are null, we recover (7).
Then we introduce the following two forms,
Ω
k
= Ωk ∧ dt+Hkj ξ
jdx ∧ dy + (Akj dx+B
k
j dy) ∧ dξ
j , k = 1, 2, · · · , n, (13)
where the matrices of A and B depend on the variables (x, y, t) and the form of Ωk is given by (9), in which
λ depends on the variables (x, y, t). It is easily shown that
dΩ
k
=
14∑
i=1
gkiαi +
n∑
j=1
ζkj ∧Ω
j
, (14)
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provided that the matrix H is given by
H = GA− FB +Ay −Bx (15)
and
dH ∧ dx ∧ dy −
∂G
∂Ta
(S× dS)a ∧ dx ∧ dy − λySaXadx ∧ dy ∧ dt
+ρxSaXadx ∧ dy ∧ dt−AtGdx ∧ dy ∧ dt+BtFdx ∧ dy ∧ dt = 0. (16)
Substituting the expressions (11) of F and G into (15) and (16), we obtain
A = 0, B =
1
λ
I, (17)
and
λt = −λλy + λρx, λx = 0. (18)
From Eq.(18), we note that the function ρ(x) take the following expression,
ρ(x) = µ3x+ ν3, (19)
where the coefficients µ3 and ν3 are constants. Thus the integrable inhomogeneous M-I equation is
St = {S× Sy + uS}x + (µ3x+ ν3)Sx
ux = −S · (Sx × Sy), (20)
On imposing the reduction ∂y = ∂x, equation (20) reduces to the (1+1)-dimensional inhomogeneous HF
equation (2) in which f = 1. By restricting (13) on the solution manifold, we obtain the Lax representation
of equation (20)
ξx = −F |Xi=− i2σi
ξ =
iλ
2
3∑
i=1
Siσiξ,
ξt = −
1
B
ξy −
1
B
G|Xi=− i2σi
ξ
= −λξy +
iλ
2
3∑
i=1
[(ρ+ u)Siσi + (S×T)iσi]ξ. (21)
where σi, i = 1, 2, 3, are Pauli matrices, and the spectral parameter satisfies the nonlinear equation (18)
3. Geometrical equivalent counterpart
By associating with the motion of Euclidean space curves endowed with an extra spatial variable, Myrzakulov
et al. showed that the M-I equation (3) is geometric equivalent to the (2+1)-dimensional NLS+ [6]. In order
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to give the geometrical equivalent counterpart of (20), we fist give a brief review on the motion of a curve.
In general, the Serret-Frenet equation associated with a curve is given by
ts = kn,
bs = −τn,
ns = τb− kt, (22)
where k and τ are the curvature and torsion of the curve, respectively. This equation can also be rewrite as
[9]
Ns = −ψt, ts =
1
2
(ψ∗N+ ψN∗), (23)
whereN = (n+ib)exp(i
s∫
−∞
ds′τ), ψ = kexp(i
s∫
−∞
ds′τ) and the new frame t,N andN∗ satisfies the relations
N ·N∗ = 2, N · t = N∗ · t = N ·N = 0. (24)
The temporal variation of t,N and N∗ may be expressed as
Nt = αN+ βN
∗ + γt, tt = λN+ µN
∗ + νt. (25)
Multiplying Eq.(25) by N and t and using the relation (24), we have
Nt = iRN+ γt, tt = −
1
2
(γ∗N+ γN∗), (26)
where R(s, t) is real. Using the compatibility condition, Nts = Nst, we get
ψt + γs − iRψ = 0,
Rs =
1
2
i(γψ∗ − γ∗ψ). (27)
If the auxiliary function γ and R can be expressed in terms of ψ and its spatial derivations, then equation
(27) will provide an evolution equation for the spatial and temporal variation of the curvature and torsion
of the curve as expressed through ψ.
Let us identify S with the tangent of a Euclidean space curve and endow the moving curve with an
additional spatial variable y. Thus equation (20) becomes
tt = tx × ty + t× tyx + uxt+ utx + ρtx, (28)
where the subscript x denotes the arc length parameter. On imposing the compatibility condition, txy = tyx,
nxy = nyx and bxy = byx, we obtain the y-part equation of the tangent, normal and binormal vectors
ty = −
ux
κ
b+ ∂−1x (κy −
τux
κ
)n,
ny = (u + ∂
−1
x τy)b− ∂
−1
x (κy −
τux
κ
)t,
by = −(u+ ∂
−1
x τy)n+
ux
κ
t, (29)
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Substituting (29) and (22) into (28), we have
tt =
1
2
[
(−iψy + ρψ)N+ (iψ
∗
y + ρψ
∗)N∗
]
. (30)
Comparing (30) with (26), we get
γ = −(ρψ∗ + iψ∗y), (31)
then substituting γ into (27), we obtain the following integrable evolution equation
iψt − ψxy − i(ρψ)x −Rψ = 0, Rx =
1
2
∂y|ψ|
2. (32)
It is the inhomogeneous extension of (4). The Lax representation of (32) is given by
Φx = UΦ, Φt = V Φ+ λΦy, (33)
in which
U =

 iλ/2 ψ/2
−ψ∗/2 −iλ/2

 , V =

 −
i
2
R+ i
2
λρ − i
2
ψy +
1
2
ρψ
− i
2
ψ∗y −
1
2
ρψ∗ i
2
R− i
2
λρ

 , (34)
and the spectral parameter satisfies Eq.(18).
4. Summary
We have investigated a possible integrable inhomogeneous M-I equation by using Morris’s prolongation struc-
ture theory. Under the reduction ∂y = ∂x, the (2+1)-dimensional integrable equation which we obtained in
this paper, i.e., Eq.(20), reduces to a special case of inhomogeneous HF equation (2). It has been noted that
there exist several (2+1)-dimensional integrable extensions for the HF equation (1), such as M-VIII, Ishi-
mori and M-IX equations [5-7, 11]. Therefore, whether there are more general (2+1)-dimensional integrable
inhomogeneous extensions of (3) is a question for the future.
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